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Abstract

Using a multiple integral representation for the correlation functions, we
compute the emptiness formation probability of the XX Z spin—% Heisenberg
chain at anisotropy A = % We prove that it is expressed in terms of the number
of alternating sign matrices.

PACS numbers: 75.10.Dg, 02.50.Cw, 05.50.+q

The Hamiltonian of the XX Z spin-% Heisenberg chain is given by

M
H =" (0n0m + om0 + A (0505, —1)). (1)
m=1

Here A is the anisotropy parameter, o,,”* denote the usual Pauli matrices acting on the quantum
space at site m of the chain. The emptiness formation probability t(m) (the probability of
finding in the ground state a ferromagnetic string of length m) is defined as the following
expectation value:

1 —of

wm) = (el [ T—F10) @)
k=1

where |/,) denotes the normalized ground state. In the thermodynamic limit (M — 00), this
quantity can be expressed as a multiple integral with m integrations [1-5]. Recently, in [6], a
new multiple integral representation for 7 (m) was obtained; for A = cos¢,0 < ¢ < m, one
has

tm) = lim  z(m,{§;}) 3)
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5 On leave of absence from Steklov Institute, St Petersburg, Russia.
6 On leave of absence from LPMT, UMR 5825 du CNRS, Montpellier, France.

0305-4470/02/270385+04$30.00  © 2002 IOP Publishing Ltd Printed in the UK L385


http://stacks.iop.org/ja/35/L385

L386 Letter to the Editor

where

L[ Z,() (8D i "
(m, {§;}) = po) /_oo [17., sinh(§, — &) detr, (2;“ sinh (1 — Sk)) " @
with

Z (0 E]) = ﬁ ﬁ sinh(hy — &) sinh(ly — & — i¢) 9€tm (sinh()»‘/-fék;isisli;}:(g)\j751(71{)).

5
a=1b=1 sinh(Aq — Ap —1£) [ 15 sinh(&, — &) ©
In this letter, we consider the particular case A = % (¢ = m/3). Recently several
interesting conjectures were obtained for the ground state of the model at this special value of
the anisotropy parameter A [7—10]. Note that the unitary transformation U HA\U ' = —H_,,
U= 1—[1]14:/12 ozzj relates our Hamiltonian (1) for A = % to the case A = —% in [8]. In particular,
it was conjectured in [8] that, in this case, the emptiness formation probability is equal to
Y m (k- DT+ )
rm=(7)IT : e ©)
e T(k=3)T(k+3)

The aim of this letter is to give the proof of this conjecture using representations (3)—(5). We
observe first that for ¢ = /3,

2
me—m m

(-)=" l—[ sinh 3(§, — &,)
2mi+m sinh(§, — &) sinh(§, — &)

Zn({2}, {8) =

a>b

w(*A_q
1 m in i—E+ T
x det,, < ) sinh(A; —&+5) . %

sinh(d; — &) sinh(A; — & —i8) ) gey,, (W)
sinl Jj TSk

Here we have used the identities

det 1 l_[?>k sinh(x_,- — Xr) sinh(yk — y])
el — = m N
sinh(x; — yx) ]_[jyk:] sinh(x; — yx)

®)

and sinh(3x) = 4 sinh(x) sinh(x + i7/3) sinh(x — ir/3). Substituting (7) into (4), we obtain

30\" (=17 & sinh3(8, —£) -
rmﬁm:Gﬁ( L TEMIE =) T et e, — &)
a> b=1

A 2wmt L sinh(€, — &)
ath
o 1
x/ d"x det,, | — —
s s1nh(Aj —$k+?)
1
x det, | — - — |- )
sinh(X; — &) sinh (Aj — & — ?)

Due to the symmetry properties of the integrand, we can replace the first determinant with
the product of its diagonal elements multiplied by m!. Then, we insert each of these diagonal
elements into the corresponding line of the second determinant. By this procedure, the
integrals over the variables A are decoupled and we can integrate each line of the determinant
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separately. Let us set & = &; — i /6. We obtain

i o fer sinh3(ep — &) - 1
T(m, fe;}) = (=) 732 [ = 1 =
a b

) sinh(gp — &4) sinh(e, — &)

/Oc da
x det,, . 4 )
( —c0 47 cosh(A — &;) sinh (A — & — Z) sinh (1 —gk+%))

The computation of the integral over A in (10) leads to

T(m, {e,}) = (=D = l—[ Sil:1h3(8b —&4) l—[ . 1 det, <3sinh = ) an

om? , sinh(e, —e,) L2 sinh(e, — &) sinh M
a#b
To obtain the emptiness formation probability (2), one has to take the homogeneous limit
£; — 0. Using the fact that

(10)

_ det,, f(xj —
lim
G na>b('xd - -xb)(yb - ya

\k—>\

= l—[(n') 2 det,,, [f(“k 2)(z)] Z=Xx-—Yy (12)

we finally obtain

9/*=2 sinh 2

m—1

m* H~2d tn — 2 . 13
l_[(n )~ de |:8x1+"2 sinh ij| (13
n=0 2 1x=0

The determinant in (13) can be computed using the following identity [11]:

T(m) = (

1 det,, sinha(j +k — i l_[l_[ sn.]h(ot +.,6(j —k))
]_[;f;ksinhzﬂ(j—k) sinh B(j +k—1) sinhB(j+k—1)

(see [11] for the proof). The determinant (13) is a pa.rticular case of (14). Indeed, we can
consider the case B = 3a, o — 0, and apply (12) for x; = «j, yx = a(1 — k). Then,

3/t%=2 sinh s o=kt
| 2dt 2 =3m 7m| || |73
Il(n) ¢ |:8x’+k 2smh3)‘:| 0 , Jj+k—1

e o Bk +1)!
3" l_[i( +D )
=0 (m+k)!

(14)
=1 k=1

=(

(15)
Substituting these expressions into (13), we finally obtain
m2 m—1
1 Bk +1)!
== - 16
w(m) <2> 1!:([) (m + k)l (16)

‘We observe that the quantity A,, = ]_[Z:O] Bk + 1)!/(m +k)! is the number of alternating sign
matrices of size m [12]. Using
[Py N
I'(3z) = 2—3*1 F')T(z+1/3)(z+2/3) Fk+1/2) = 7(2/( - 17
T

one can easily check the equivalence of (16) and (6). Thus (6) is proved.
The asymptotic behaviour of t (m) form — oo can be evaluated using the Stirling formula

[8]:
t(m) — c(‘?)m mo% m — 00 (18)
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with

o (5=  sinh % sinh ﬁ dr
=eX — — . 19
¢ P /0 36 sinh? 5 t (19)
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